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Faces in convex drawings of K,

e In every drawing D of K,,, every bounded face F of D is convex polygon.

The size of F is the number of vertices of F.

A face of size k is called a k-face.

How large faces have to appear in convex drawings of K, with large n?.

How about generic convex drawings? Or regular drawings?
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How large faces can you find?
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such that regular drawing of K,, contains a k-face.
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e Closely related is the work of Poonen and Rubinstein who gave a
formula for the number of crossings in regular drawings of K,,.

e It follows from their formula that all regular drawings of K, with odd n
are generic. Also that, apart from the center, no crossing is the
intersection of more than 7 edges of a regular drawing of K,, for any n.
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Proposition

Let n be a positive integer and D a convex drawing of K,,.
Then, D contains a 3-face if and only if n > 3.

Moreover, D contains a 4-face if and only if n > 6.

e To find larger faces, we restrict ourselves to generic drawings of K,.

Theorem 1
For every n € N and every generic convex drawing D of K,,, the drawing D
contains a 5-face if and only if n > 5.

e We do not know if every convex drawing of large K, contains a 5-face.
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e |t is possible to avoid faces of size at least 6.

Theorem 2

For every n € N, there is a generic convex drawing of K, that does not
contain any k-face with k > 6.

e This settles the question about the largest face we can always find in
generic convex drawings.

e The problem of finding 5-faces is difficult if we allow crossings of more
than two edges. We know that every convex drawing of K7 has a 5-face.
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e However, we can solve the problem about 5-faces for regular drawings.

Theorem 3
For n € N, a regular drawing of K,, contains a 5-face if and only if

n¢ {1,2,3,4,6,8,12}.

e The proof is quite involved and uses results of Poonen and Rubinstein.
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Is there ng € N such that for every n > ng every convex drawing of K,
contains a 5-face? )

Problem

Is it true that for every integer k > 3 there is an integer n(k) such that
every regular drawing of K|, with n > n(k) contains a k-face?

Problem
What is the minimum number of 3-faces in a convex drawing of K,,? What if
the drawing is generic or regular?

v

e You can consider problems about faces of size at least k and for
drawings that are not convex.

Thank you for your attention.



