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About USOs

I No polynomial time algorithm to find the sink.

I Best known runtime: Fibonacci Seesaw with O(1.61k) [T. Szabó, Welzl 2001].

I Deciding if orientation is USO is co-NP complete [Gärtner, Thomas 2015].

I 2Θ(2k log k) USOs of the k-cube [Matoušek 2006].

⇒ Construction of USOs.
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Bijection [Schurr 2004]
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A string s ∈ {0, 1, 2, 3}k ↔ A vertex of the k-cube and its orientation.

si = 0 or si = 1 ↔ s is in the lower i-facet of the cube.
si = 2 or si = 3 ↔ s is in the upper i-facet of the cube.

si = 0 or si = 2 ↔ the edge from s in dimension i is downwards oriented.

si = 1 or si = 3 ↔ the edge from s in dimension i is upwards oriented.
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String Rewriting Rules in 4Zk -periodic tilings [Lagarias, Shor]
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String Rewriting Rules

The sets S (0),S (1), S (2),S (3) ⊆ {0, 1, 2, 3}d are a valid String Rewriting Rule if

(i)
(
S (0) ∪ S (2)

)
defines a d-dimensional USO (a 4Zd -periodic tiling) and S (0) ∩ S (2) = ∅, and

(ii)
(
S (1) ∪ S (3)

)
defines a d-dimensional USO (a 4Zd -periodic tiling) and S (1) ∩ S (3) = ∅.

Applied to a k-dimensional USO:

0 2

...
...

k − 1

S (0) ∪ S (2)

(d-dimensional)

...

...

...

...
k − 1

1 3

...
...

k − 1

S (1) ∪ S (3)

(d-dimensional)

...

...

...

...
k − 1
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String Rewriting Rule

The sets S (0),S (1), S (2),S (3) ⊆ {0, 1, 2, 3}d are a valid String Rewriting Rule if

(i)
(
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)
defines a d-dimensional USO and S (0) ∩ S (2) = ∅, and

(ii)
(
S (1) ∪ S (3)

)
defines a d-dimensional USO and S (1) ∩ S (3) = ∅.
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Universality

Theorem
For each k-dimensional USO K ,

there exist a generalized rewriting rule S
(0)
1 , S

(0)
2 , S

(2)
1 ,S

(2)
2 of (k − 1)-dimensional USOs

s.t. K is equal to this rewriting rule applied to the bow in dimension 1:
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22

h = 1

Bow

Label 1 Label 1

Label 2 Label 2
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Proof Sketch
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Conclusion

I Universal construction

I Unfortunately, we have to check all pairs for sets for USOness.

⇒ This construction method is not very efficient.

I We cannot yet efficiently enumerate all USOs.

But . . .

I Each rewriting rule is one valid operation on USOs.

⇒ Other interesting operations?

I Multidimensional Rewriting? [Mackey]
I Replace pairs of coordinates together.

I Requires 42 = 16 lists S(00), S(01), . . . , S(32), S(33).
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